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In this Letter, we study analytically the evolutions of the flat Friedmann-Lemaitre-Robertson-
Walker (FLRW) universe and its linear perturbations in the framework of the dressed metric approach
in loop quantum cosmology (LQC). Assuming that the evolution of the background is dominated
by the kinetic energy of the inflaton at the quantum bounce, we find that both evolutions of the
background and its perturbations are independent of the inflationary potentials during the pre-
inflationary phase. During this period the effective potentials of the perturbations can be well
approximated by a Po¨schl-Teller (PT) potential, from which we find analytically the mode functions
and then calculate the corresponding Bogoliubov coefficients at the onset of the slow-roll inflation,
valid for any inflationary model with a single scalar field. Imposing the Bunch-Davies (BD) vacuum
in the contracting phase prior to the bounce when the modes are all inside the Hubble horizon,
we show that particles are generically created due to the pre-inflation dynamics. Matching them
to those obtained in the slow-roll inflationary phase, we investigate the effects of the pre-inflation
dynamics on the scalar and tensor power spectra and find features that can be tested by current
and forthcoming observations. In particular, to be consistent with the Planck 2015 data, we find
that the universe must have expanded at least 141 e-folds since the bounce.
PACS numbers: 98.80.Cq, 98.80.Qc, 04.50.Kd, 04.60.Bc
I. INTRODUCTION
The paradigm of cosmic inflation has achieved remark-
able successes in solving several problems of the stan-
dard big bang cosmology and predicting the primordial
perturbation spectra whose evolutions explain both the
formation of the large scale structure of the universe and
the small inhomogeneities in the cosmic microwave back-
ground (CMB) [1]. Now they are matched to observa-
tions with unprecedented precisions [2–4]. However, such
successes are contingent on the understanding of physics
in much earlier epochs when energies were about the
Planck scale. This leads to several conceptual issues. For
example, to be consistent with observations, the universe
must have expanded at least 60 e-folds during its infla-
tionary phase. However, if the universe had expanded a
little bit more than 70 e-folds during inflation (as it is the
case in a large class of inflationary models [5]), then one
can show that the wavelengths of all fluctuation modes
which are currently inside the Hubble radius were smaller
than the Planck length at the beginning of the period of
inflation. This was referred to as the trans-Planckian is-
sue in [6], and leads to the question about the validity
of the assumption: the matter fields are quantum in na-
ture but the spacetime is still classical, which are used at
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the beginning of inflation in order to make predictions
[1]. In addition, insisting on the use of general relativity
(GR) to describe the inflationary process will inevitably
lead to an initial singularity [7]. Moreover, the inflation
paradigm usually sets the BD vacuum state at the time
when the wavelength of fluctuations were well within the
Hubble horizon during the inflationary process. How-
ever, such treatment ignores the pre-inflationary dynam-
ics which could lead to non-BD states at the onset of
inflation, even when these modes were well inside the
Hubble horizon during inflation. For more detail about
the sensibility of the inflationary paradigm to Planckian
physics, we refer the readers to [6, 8].
All the issues mentioned above are closely related to
the fact that we are working in the regime where GR is
known to break down. One believes that new physics
in this regime - a quantum theory of gravity, will pro-
vide a complete description of inflation as well as its pre-
inflationary dynamics. LQC is one of such theories that
offers a framework to address these issues, in which the
inflationary scenarios can be extended from the onset of
the slow-roll inflation back to the Planck scale in a self-
consistent way [9–11]. Remarkably, the quantum geome-
try effects of LQC at the Planck scale provide a natural
resolution of the big bang singularity (see [12–15] and
references therein). In such a picture, the singularity is
replaced by a quantum bounce, and the universe that
starts at the bounce can eventually evolve to the desired
slow-roll inflation [16–23]. An important question now is
whether the quantum bounce can leave any observational
signatures to current/forth-coming observations, so LQC
can be placed directly under experimental tests. The an-
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2swer to this question is affirmative. In fact, with some
(reasonable) assumptions and choice of the initial con-
ditions, the deformed algebra approach already leads to
inconsistence with current observations [21]. Note that
in general there are two main approaches to implement
cosmological perturbations in the framework of LQC, the
dressed metric and deformed algebra approaches [12–14].
In both, the primordial perturbations have been inten-
sively studied numerically [10, 11, 19–23].
One of our purposes of this Letter, in contrast to the
previous numerical studies, is to present an analytical
analysis of the effects of the quantum bounce and pre-
inflation dynamics on the evolutions of both background
and spectra of the scalar and tensor perturbations, in the
framework of the dressed metric approach [9–11]. It is
expected that such an analysis will provide a more com-
plete understanding of the problem and deeper insights.
In the following, we will focus on the case that the kinetic
energy of the inflaton dominates the evolutions at the
bounce, because a potential dominated bounce is either
not able to produce the desired slow-roll inflation [22], or
leads to a large amount of e-folds of expansion. This
will wash out all the observational information about the
pre-inflation dynamics and the resulting perturbations
are the same as those given in GR [12–14]. Assuming
that the influence of the potential at the bounce is neg-
ligible, our studies show that:
• During the pre-inflationary phase, the evolutions of
the background and the scalar and tensor perturba-
tions are independent of the inflationary potentials.
Thus, the evolution of the background is the same
for any chosen potential, and in this sense we say
that it is universal.
• During this phase the potentials of the scalar and
tensor perturbations can be well approximated by
an effective PT potential, for which analytic so-
lutions of the mode functions can be found. The
Bogoliubov coefficients at the onset of the slow-roll
inflation can thereby be calculated [cf. (13)], which
are valid for any slow-roll inflationary model with
a single scalar field. Assuming that the universe
is in the BD vacuum in the contracting phase (the
moments where t . −ts as shown in Fig. 2) we find
that particle creations occur generically during the
pre-inflation phase.
• Oscillations always happen in the power spectra,
and their phases for both scalar and tensor pertur-
bations are the same, in contrast to other theories
of quantum gravity [6, 24].
• Fitting the power spectra to the Planck 2015 data
[4], we find the lower bound forNtot ≡ ln (a0/aB) >
141 (95% C.L.), where aB and a0 denote the expan-
sion factor at the bounce and current time, respec-
tively. Details of the calculations will be reported
elsewhere [25].
II. QUANTUM BOUNCE
In LQC, the semi-classical dynamics of a flat FLRW
universe with a single scalar field φ and potential V (φ)
is described by [9–11],
H2 =
8pi
3m2Pl
ρ
(
1− ρ
ρc
)
, (1)
φ¨+ 3Hφ˙+ V,φ = 0, (2)
where H ≡ a˙/a is the Hubble parameter, a dot denotes
the derivative with respect to the cosmic time t, and ρc is
the maximum energy density, with ρ ≡ φ˙2/2+V (φ) ≤ ρc.
Eq. (1) shows that the big bang singularity now is re-
placed by a non-singular quantum bounce at ρ = ρc [cf.
Fig. 1]. The background evolution has been extensively
studied, and one of the main results is that, following
the bounce, a desired slow-roll inflation phase is almost
inevitable, provided that the evolution is dominated ini-
tially by the kinetic energy of the scalar field at the quan-
tum bounce [12, 17, 18, 22]. In this Letter, we will focus
on this case. Then, ignoring the potential term V (φ),
from Eqs. (1) and (2) we find
a(t) = aB
(
1 + γB
t2
t2Pl
)1/6
, (3)
where aB ≡ a(tB), γB ≡ 24piρc/m4Pl, and tPl denotes the
Planck time. In writing the above expression we also set
tB = 0. In Fig. 1 we display the above analytical solution
and the equation of state
wφ ≡ φ˙
2 − 2V (φ)
φ˙2 + 2V (φ)
, (4)
together with several numerical solutions of a(t) for dif-
ferent potentials. From this figure, specially the curves of
wφ, we can see that the universe experiences three differ-
ent phases: bouncing, transition, and slow-roll inflation.
During the bouncing phase, wφ remains almost one until
t/tPl ' 104. Then, it suddenly drops from 1 to -1 at
t/tPl ' 105. This transition phase is very short in com-
parison to the other two, and the kinetic energy of the
scalar field drops almost 12 orders from the beginning
of this phase to the end of it. Afterwards, the potential
energy V (φ) dominates the evolution, and wφ remains
practically −1 during the whole slow-roll inflation phase.
The end of this transition phase can be well defined as
the moment where a¨(t = ti) = 0, as shown in Fig. 1.
Afterward, the expansion of the universe will be accel-
erating a¨(t > ti) > 0. However, unlike ti, the starting
point of the transition phase is not abrupt, even though
the division is very clean in concept, as one can see from
Fig. 1. Fortunately, the results are not sensitive to such
a choice at all, as argued below and shown in detail in
[25]. In particular, we find that the choices of wφ = 0.95
and wφ = 2/3 make no (observational) difference in the
power spectra and the total e-folds of the expansion of
the universe.
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FIG. 1. Evolutions of a(t) and wφ for the power-law
V (φ) = 1
2
m4−nφn and Starobinsky V (φ) = 3
4
M2M2Pl(1 −
e−
√
2/3φ/MPl)2 potentials. Solution (3) is also shown. We
choose m = 1.3×10−6 for n = 2, m = 1.1×10−3 for n = 1/3,
and M = 2.5× 10−6 for the Starobinsky potential. In all the
cases we set mPl = 1.
During the bouncing phase, the evolution of a(t) is
independent of the choice of φB and the choice of the
potential V (φ) of the scalar field. This is because
V (φ) remains very small and the kinetic energy is com-
pletely dominant during this whole phase. For exam-
ple, for the potential V (φ) = V0φ
n with n = 2, we find
that V (φ)/m4Pl ∈ (2 × 10−11, 4.5 × 10−11); for n = 1/3,
V (φ)/m4Pl ∈ (9×10−12, 1.2×10−11); and for the Starobin-
sky potential, we have V (φ)/m4Pl ∈ (7 × 10−13, 7.3 ×
10−13). This explains why the evolution of a(t) is uni-
versal during this period.
III. PRIMORDIAL POWER SPECTRA
The linear perturbations in the dressed metric ap-
proach [9, 10] were studied numerically in detail with
the inflationary potential V (φ) = m2φ2/2 [11]. In this
Letter, our goals are two-fold: First, we study these per-
turbations analytically, and provide their explicit expres-
sions. Second, we show that they are independent of the
choices of the slow-roll inflationary potentials, so they are
universal. In fact, this follows directly from the univer-
sality of the evolution of a(t) during this phase. To show
this, let us start with the scalar and tensor perturbations
[9–11],
µ
(s,t)
k (η)
′′ +
(
k2 − a
′′
a
+ U (s,t)(η)
)
µ
(s,t)
k (η) = 0, (5)
where U (s)(η) ≡ a2 (f2V (φ) + 2fV,φ(φ) + V,φφ(φ)),
U (t)(η) = 0, with f ≡ √24piGφ˙/√ρ. µ(s,t)k (η) denote
the Mukhanov-Sasaki variables with µ
(s)
k (η) = zsR and
µ
(t)
k (η) = ahk/2, where R denotes the comoving cur-
vature perturbations, hk the tensor perturbations, and
zs ≡ aφ˙/H. A prime denotes the derivative with re-
spect to the conformal time η(t) =
∫ t
tend
dt′/a(t′), where
tend is the time when the inflation ends. Near the
bounce, U (s)(η) is negligible [10, 11, 25]. During the
transition phase, ρ drops down to about 10−12ρc, and
(a′′/a − U (s)(η)) → z′′s /zs, so thereafter the perturba-
tions reduce precisely to those of GR [10, 13].
The evolutions of the perturbations depend on both
background and wavenumber k. As we consider only the
case in which the kinetic energy dominates the evolu-
tion of the background at the bounce, both scalar and
tensor perturbations follow the same equation of mo-
tion during the bouncing phase (t/tPl ≤ 104). In this
case, the term a′′/a in Eq. (5) defines a typical radius
λ =
√
a/a′′ for a′′ > 0, which plays the same role as
that of the comoving Hubble radius LH = (aH)
−1 of-
ten used in GR. However, for a better understanding, we
find that here it is more proper to use a/a′′, as shown
schematically in Fig. 2. For example, when the modes
are inside the radius (1/k2 < λ2), the solution of Eq. (5)
is of the form, e±i
∫ √
k2−a′′/adη. When the modes are
outside of the “horizon” (radius) (1/k2 > λ2), it is of
the form, e±
∫ √
a′′/a−k2dη. The term a′′/a has its max-
imum at the bounce, a′′/a|t=0 = a2BγBm2Pl/3, which de-
fines a typical scale kB =
√
γB/3aBmPl (the blue solid
curve in Fig. 2), so we can use it to classify different
modes. Some modes with large values of k2  k2B (the
region below the low (orange) dashed line in Fig. 2) are
inside the horizon all the time until they exit the Hub-
ble horizon during the slow-roll inflation. Some of the
modes with smaller k2  k2B (the region above the up-
per (green) dashed line in Fig. 2) exit and re-enter the
horizon during the bouncing process, and will finally re-
exit the Hubble horizon during the slow-roll inflation.
Since the modes with k  kB are inside the horizon dur-
ing the whole pre-inflationary phase, they will have the
same power-law spectra as those given in GR [1]. We are
interested in the modes with k ' kB (the shaded region
in Fig. 2). However, the perturbations for these modes
have different behaviors when they are inside or outside
the horizon, which makes Eq. (5) extremely difficult to
be solved analytically.
In this Letter, we first present an analytical solution of
4Bouncing Slow-roll inflationTransition
-ts tB ts ti tend
1
kB
2
0
Characteristic length λ2=a/a''
FIG. 2. Schematic plot of λ2[≡ a/a′′], where a′′/a|t=ts = 0
with ts ' 0.2tPl, and a¨(ti) = 0 with ti being the starting
time of the inflationary phase. During the slow-roll inflation,
a/a′′ = LH/2. The expansion factor a(t) can be analytically
extended to a contracting phase t < tB.
Eq. (5) by using an effective Po¨schl-Teller (PT) potential.
To this goal, let us first consider the quantity,
V (η) ≡ a
′′
a
= a2B
γBm
2
Pl(3− γBt2/t2Pl)
9(1 + γBt2/t2Pl)
5/3
. (6)
If we consider Eq. (5) as the Schro¨dinger equation, then
V (η) serves as an effective barrier during the bouncing
phase. Such a potential can be approximated by a PT
potential for which we know the analytical solution,
VPT(η) = V0cosh
−2 α(η − ηB), (7)
where V0 = a2BγBm
2
Pl/3 and α
2 ≡ 2a2BγBm2Pl = 6k2B.
From Fig. 3 we can see that VPT(η) mimics V (η) very
well. Introducing x and Y(x) via x(η) = 1/(1 +
e−2α(η−ηB)), Y(x) = [x(1 − x)]ik/(2α)µk(η), we find that
Eq. (5) reduces to,
x(1− x)Y ′′ + [c3 − (c1 + c2 + 1)x]Y ′ − c1c2Y = 0, (8)
where Y ′ ≡ dY/dx and
c1 ≡ 1
2
+
1
2α
√
α2 − 4V0 − ik
α
,
c2 ≡ 1
2
− 1
2α
√
α2 − 4V0 − ik
α
,
c3 ≡ 1− ik
α
. (9)
This equation is the standard hypergeometric equation,
and its general solution is given by,
µ
(PT)
k (η) = akx
ik/(2α)(1− x)−ik/(2α)
× 2F1(c1 − c3 + 1, c2 − c3 + 1, 2− c3, x)
+bk[x(1− x)]−ik/(2α) 2F1(c1, c2, c3, x). (10)
Here ak and bk are two integration constants to be de-
termined by the initial conditions.
PT potential
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FIG. 3. Comparison between the effective potential given by
Eq. (6) and the PT potential in Eq. (7). In this plot, we have
set aB = 1, mPl = 1.
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FIG. 4. Comparison between the analytical solution and nu-
merical one with aB = 1, mPl = 1, and k = 6.
To impose them, let us first specify the initial time. A
natural choice is right at the bounce, at which the initial
state can be constructed as the fourth-order adiabatic
vacuum [9, 10]. While such constructions work well for
large k, however, ambiguity remains for modes with k <
kB [10]. Another choice that has been frequently used
is a time during the contracting phase when the modes
are well within the characteristic length λ, which is t .
−ts as shown in Fig. 2 [11, 19–22, 27]. In this Letter,
we also shall make that choice, as the main conclusions
will not sensitively depend on these choices, as shown in
[11, 25, 26], and we require that at this initial time the
5state should be the BD vacuum. Then, we find
ak = 0, bk =
eikηB√
2k
. (11)
It should be noted that µ
(PT)
k (η) of Eq. (10) and the
above initial conditions are valid for any value of k. In
particular, at the bounce it reduces to the one obtained
in [10] with the fourth-order adiabatic vacuum for large
k > kB. This further confirms our above arguments. In
Fig. 4 we compare our analytical approximate solution
with the numerical (exact) one, which shows that they
match extremely well during the bouncing phase. After
this period, the universe soon sets to the slow-roll infla-
tion phase, and the mode functions of tensor and scalar
perturbations are the well-known solutions given in GR
[1]. When all the relevant modes are inside the Hubble
horizon (t < ti as shown in Fig. 2), they take the asymp-
totic form [1],
µ
(s,t)
k (η) '
1√
2k
(
αke
−ikη + βkeikη
)
, (t < ti). (12)
In GR, one usually imposes the BD vacuum at the be-
ginning of inflation, at which all the (physical) modes are
inside the Hubble horizon, so that αGRk = 1, β
GR
k = 0.
This in turn leads to the standard power-law spectra.
However, due to the quantum gravitational effects, βk
now does not vanish generically. To see this, we need
to match the GR solution to Eq. (10). Taking its limit
t/tPl  1 and then comparing it with the GR solution
we find
αk =
Γ(c3)Γ(c3 − c1 − c2)
Γ(c3 − c1)Γ(c3 − c2)e
2ikηB ,
βk =
Γ(c3)Γ(c1 + c2 − c3)
Γ(c1)Γ(c2)
, (13)
where cn are the constants given by Eq. (9). This rep-
resents one of our main results. When k ' kB we find
that |βk|2 ' 10. That is, particles of such modes were
created during the bouncing phase. However, such cre-
ation will not alter significantly the evolution of the back-
ground, nor the perturbations during the slow-roll in-
flation period, as shown explicitly in [10]. Then, from
Eq. (10) we obtain P(s,t)LQC(k) = |αk + βk|2P(s,t)GR (k) ≡
(1 + δP)P(s,t)GR (k), where
δP ≡
[
1 + cos
(
pi√
3
)]
csch2
(
pik√
6kB
)
+
√
2 cos
(
pi
2
√
3
)√
cos
(
pi√
3
)
+ cosh
(
2pik√
6kB
)
×csch2
(
pik√
6kB
)
cos (2kηB + ϕk), (14)
where
ϕk ≡ arctan
{
Im[Γ(c1)Γ(c2)Γ
2(c3 − c1 − c2)]
Re[Γ(c1)Γ(c2)Γ2(c3 − c1 − c2)]
}
.
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FIG. 5. The ratio P(s,t)LQC(k)/P(s,t)GR (k) between the power spec-
trum with the bounce effects and the standard power-law one
obtained in GR. The dotted blue curve denotes the analyt-
ical power spectrum, which obviously oscillates rapidly with
k. The solid red curve shows the average of the oscillating
spectrum.
(15)
In Fig. 5, we display the ratio between the power spec-
trum with the bounce effects and the standard power-law
spectrum in GR, i.e., 1 + δP with δP being given by the
above equation, as a function of wavenumber. We would
like to note that Fig. 5 is consistent with that given in
[9, 10] (c.f. Fig. 1 in the first paper of [9] and Fig. 5 in
[10]). While the results obtained in [9, 10] are purely nu-
merical, here ours are derived directly from the analytical
expression of Eq. (14).
It is remarkable to note that, although it is well-known
that quantum gravitational effects often lead to oscilla-
tions [6], in LQC the oscillating phases for both scalar and
tensor perturbations are the same. In Eq. (14), the second
term is oscillating very fast and can be ignored observa-
tionally [9–11]. On the other hand, the first term, propor-
tional to csch2[pik/(
√
6kB)], decreases exponentially as k
increases, and the power spectra get enhanced (reduced)
for small (large) k. The modes k ' kB, of the Planck
scale at the bounce, are initially inside the radius defined
by λ =
√|a/a′′|, and then leave and re-enter it during
the bouncing phase. The modes with k  kB are always
inside the radius before they leave the Hubble horizon
during the slow-roll inflation, thus they finally lead to a
standard power spectrum.
It should also be noted that the solution with the PT
potential is not valid for the modes with a very small k
(i.e., k  |a′′/a| holds all the time during the bouncing
phase). For these modes, if we ignore the k2 term in
Eq. (5), the solution can be approximated by [19],
µk(η) ' aka(η) + bk
a(η)
. (16)
However, we are not interested in these modes, as they
currently are still outside of the observable universe.
6FIG. 6. Observational constraints for (ns, kB/Mpc
−1) at 68%
and 95% C.L. by using the Planck 2015 TT+lowP and TT,
TE, EE+lowP data with a0 = 1. The upper panel only con-
siders the scalar spectrum, while the bottom includes the ten-
sor.
IV. OBSERVATIONAL CONSTRAINTS
The quantum corrections (14) are k-dependent and ex-
pected to be constrained by observations. In the follow-
ing, we perform the CMB likelihood analysis by using
the Planck 2015 data [4], with the MCMC code devel-
oped in [28]. We assume the flat cold dark matter model
with the effective number of neutrinos Neff = 3.046 and
choose the total neutrino mass as Σmν = 0.06eV. We
also write
P(s,t)GR (k) = A(s,t)
(
k
k∗
)n(s,t)inf
, (17)
where k∗(= 0.05Mpc−1) denotes the pivot scale,
n
(s)
inf = ns − 1 and n(t)inf = nt. We vary the
seven parameters, Ωbh
2,Ωch
2, τ,Θs, ns, As, kB/a0 [30].
For the six cosmological parameters except kB/a0
(Ωbh
2,Ωch
2, τ,Θs, ns, As), we use the same prior ranges
as those adopted in [29], while for the parameter kB which
is related to the bouncing effects, we set the prior range
to kB ∈ [10−8, 0.002].
In particular, we use the high-l CMB temperature
power spectrum (TT) and polarization data (TT, TE,
EE) respectively with the low-l polarization data (lowP)
from Planck2015. In Table. I, we list the best fit val-
ues of the six cosmological parameters and constraints
on kB/a0 and r at 95% C.L. for different cosmological
models from different data combinations.
Marginalizing other parameters, we find that kB/a0
is constrained by the Planck TT+lowP (Planck
TT,TE,EE+lowP) to
kB
a0
< 3.12× 10−4Mpc−1(3.05× 10−4), (18)
at 95% C.L [cf. Fig. 6]. When we consider the
ratio r = A(t)/A(s), the Planck TT+lowP (Planck
TT,TE,EE+lowP) data yields
kB
a0
< 3.14× 10−4Mpc−1(3.14× 10−4), (19)
at 95% C.L. These upper bounds show that the observa-
tional constraints on the bouncing effects are robust with
respect to different data sets (without/with the polariza-
tion data included) and whether the tensor spectrum is
included or not. In Fig. 7 we show constraints on a couple
of cosmological parameters and their respective probabil-
ity distributions for the CosmoMC runs described above
and for the results from the Planck 2015 data. We notice
that the colored curves which represent the probability
distributions of kB/a0 are almost perfectly superposed,
which strongly indicates again that the constraints on
kB derived in this paper are robust.
Using the relation
kB
a0
=
√
γB
3
aB
a0
mPl =
√
γB
3
mPle
−Ntot , (20)
where Ntot ≡ ln (a0/aB) denotes the total e-folds from
the quantum bounce until today, then the above upper
bounds on kB/a0 can be translated into the constraint
on the total e-folds Ntot as
Ntot > 141 (95%C.L.), (21)
where we have taken ρc = 0.41m
4
Pl [9, 10]. This in turn
leads to a lower bound of δN∗,
δN∗ > Ntot −N∗ −Nafter, (22)
where δN∗ ≡ ln (a∗/aB), N∗ ≡ ln (aend/a∗), and Nafter ≡
ln (a0/aend), where a∗ denotes the expansion factor at
the moment that the current Horizon exited the Hubble
horizon during the slow-roll inflation, and aend is that of
the end of inflation. Taking N∗ ' 60 ' Nafter, we find
δN∗ & 21. (23)
Note that our results given by Eqs.(21) and (23) are
based on three assumptions: (1) the Universe is filled
with a scalar field with its potential V (φ); (2) the back-
ground evolution initially is dominated completely by
the kinetic energy of the scalar field; and (3) the Uni-
verse is in the BD vacuum state in the contracting phase
(t . −ts, as shown in Fig. 2).
7TABLE I. The Best fitting values of the six cosmological parameters and the constraints on kB/a0 and r at 95% C.L for different
cosmological models from different data combinations.
Parameter Planck TT+lowP Planck TT,TE,EE+lowP Planck TT+lowP+r Planck TT,TE,EE+lowP+r
Ωbh
2 0.022355 0.022193 0.022322 0.022064
Ωch
2 0.11893 0.12000 0.11908 0.12071
100θMC 1.04115 1.04065 1.04080 1.04057
τ 0.077835 0.089272 0.081955 0.085259
ln(1010As) 3.088 3.112 3.101 3.104
ns 0.9662 0.9647 0.9658 0.9607
kB/a0 < 3.12× 10−4 < 3.05× 10−4 < 3.14× 10−4 < 3.14× 10−4
r −−−− −−−− < 0.113 < 0.107
0.08 0.16 0.24 0.32
r
0.945
0.960
0.975
0.990
n s
2.96
3.04
3.12
3.20
0.0002 0.0004 0.0006
0.08
0.16
0.24
0.32
r
0.945 0.960 0.975 0.990
ns
2.96 3.04 3.12 3.20
Planck TT + lowP
Planck TT,TE,EE + lowP
Planck TT + lowP + r
Planck TT,TE,EE + lowP + r
ln(1010As)kB/Mpc-1
ln
(1
01
0 A
s)
FIG. 7. Observational constraints on a couple of parameters (68% and 95% contour lines) and the probability distributions
for ln(1010As), ns, kB/a0, and r by using the Planck 2015 data. Note that in the numerical simulations we set a0 = 1.
8V. CONCLUSIONS
In this Letter, we analytically studied the evolutions of
the background and the linear scalar and tensor pertur-
bations of the FLRW universe in LQC within the frame-
work of the dressed metric approach [9–11], and showed
that, if the pre-inflationary phase is dominated by the
kinematic energy of the inflaton, the evolutions will be
independent of the slow-roll inflationary models during
this phase [cf. Fig. 1 and Eqs. (3) and (14)]. Impos-
ing the BD vacuum in the contracting phase (t . −ts as
shown in Fig. 2), we obtained the Bogoliubov coefficients
(13) at the onset of the slow-roll inflation, which shows
clearly that during the pre-inflationary phase, particles
are generically created (βk|t=ti 6= 0), and the resulting
power spectra are k-dependent. This is in contrast to GR
(where the BD vacuum (βk|t=ti = 0) is usually imposed
at the onset of the slow-roll inflation [1]. This provides a
potential window to test LQC directly by the measure-
ments of CMB and galaxy surveys [31]. In particular, fit-
ting the power spectra to the Planck 2015 temperature
(TT+lowP) and polarization (TT,TE,EE+lowP) data,
we found the lower bound for Ntot ≡ ln (a0/aB) > 141
(95% C.L.). That is, to be consistent with current ob-
servations of CMB, the universe must have expanded at
least 132 e-folds since the bounce.
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